In this paper, we calculate the numbers of irreducible ordinary characters and irreducible Brauer characters in a block of a finite group G, whose associated fusion system over a 2-subgroup P of G (which is a defect group of the block) has hyperfocal subgroup Z2n × Z2n for a positive integer number n, when the block is controlled by the normalizer NG(P ) and the hyperfocal subgroup is contained in the center of P , or when the block is not controlled by NG(P ) and the hyperfocal subgroup is contained in the center of the unique essential subgroup in the fusion system and has order at most 16. In particular, Alperin's weight conjecture holds in the considered cases.
Introduction
Let p be a prime, and O a complete discrete valuation ring with an algebraically closed residue field k of characteristic p and with a fraction field K of characteristic 0. We further assume that K is big enough for finite groups discussed below. Let G be a finite group, and b a block (idempotent) of G over O with defect group P . Let (P, b P ) be a maximal b-Brauer pair. Denote by Q the subgroup of P generated by the subsets [U, x], where (U, b U ) runs on the set of b-Brauer pairs such that (U, b U ) ⊆ (P, b P ) and x on the set of p ′ -elements of N G (U, b U ) and [U, x] denotes the set of commutators uxu −1 x −1 for u ∈ U . The subgroup Q is called the hyperfocal subgroup of P with respect to (P, b P ) (see [13] ). Let c be the Brauer correspondent of b in N G (Q). Rouquier conjectures that the block algebras OGb and ON G (Q)c are basically Rickard equivalent when Q is abelian (see [15] ).
Denote by l(b) resp. k(b) the number of irreducible Brauer (resp. ordinary) characters belonging to the block b. Rouquier's conjecture implies that l(b) and k(b) should be equal to l(c) and k(c) respectively when Q is abelian. Recently, Watanabe proved that l(b) and k(b) are equal to l(c) and k(c) respectively when Q is cyclic (see [20, Theorem 1] ). In addition, she proved that the block b is controlled by N G (P ) and that l(b) and k(b) are equal to l(b 0 ) and k(b 0 ) respectively, where b 0 denotes the Brauer correspondent of b in N G (P ). The block b is controlled by a subgroup H of G if any morphism in the Brauer category F (P, bP ) (G, b) is induced by the conjugation of some element in H (see [19, §49] ).
In this paper, we investigate the numbers l(b) and k(b) when Q is Z 2 n × Z 2 n , where Z 2 n denotes a cyclic group of order 2 n . In this situation, the block b is not necessarily controlled by N G (P ) in general. When the block b is not controlled by N G (P ), by induction the investigation is reduced to the investigation of the numbers l(b) and k(b) when P is the wreath product Q ≀ Z 2 . The latter investigation is difficult (see [9] for details), but we get the numbers l(b) and k(b) when n ≤ 2. Our main theorem is stated as the following. (ii) Assume that the block b is not controlled by N G (P ). Then the Brauer category F (P, bP ) (G, b) of the block b, whose objects are all b-Brauer pairs contained in a fixed maximal b-Brauer pair (P, b P ), has a unique essential object (S, b S ). Further assume that Q is contained in the center of S and that |Q| is less than 16. Then we have l(b) = l(c) = 2 and k(b) = k(c).
The special case n = 1 of Theorem 1.1 has been done by [18] .
Remark 1.2.
There are examples where the hypotheses of Theorem 1.1 are not satisfied. Assume that Q = Z 4 × Z 4 . The automorphism group Aut(Q) of Q has a cyclic subgroup of order 6. Set L = Q ⋊ Z 6 , where Z 6 is a cyclic group of order 6. Take any 2 ′ -group H. Denote by G the wreath product H ≀ L. Let b be the principal block of G and P a Sylow 2-sugbroup containing Q. The block b is controlled by N G (P ) and Q is a hyperfocal subgroup, but Q is not a central subgroup of P . On the other hand, Aut(Q) contains a subgroup Z 2 × S 3 , where S 3 is the symmetric group of degree 3. Set K = Q ⋊ (Z 2 × S 3 ) andG = H ≀ K. Letb be the principal block ofG andP a Sylow 2-sugbroup containing Q. The subgroup Q ⋊ Z 2 is the unique essential subgroup S ofP , Q is a hyperfocal subgroup and the blockb is controlled by NG(S). But Q is not in the center of S.
Finally we claim that throughout the rest of the paper, the notation in this section will always be kept and Q is Z 2 n × Z 2 n for a positive integer number n. In particular, p = 2.
2 The local structure of the block b
In this section, we investigate the Brauer category F (P, bP ) (G, b). Let Q 0 be the subgroup Z 2 × Z 2 of Q. The following lemma is trivial.
Lemma 2.1. The automorphism group Aut(Q) of Q is a {2, 3}-group and the automorphism group Aut(Q 0 ) of Q 0 is isomorphic to S 3 , the symmetric group of degree 3. If θ ∈ Aut(Q) has order three, then θ transitively permutes three involutions in Q 0 and generates a Sylow 3-subgroup of Aut(Q).
For any subgroup T of P , we denote by (T, b T ) the b-Brauer pair contained in (P, b P ). We denote by N G (T, b T ) the normalizer of (T, b T ) under the G-conjugation. The block b T of C G (T ) is also a block of N G (T, b T ). Since P is contained in N G (Q, b Q ) and P is a defect group of b, P has to be a defect group of the block
Proof. Set L = N G (Q, b Q ) and e = b Q . Regarding e as a block of L, the b-Brauer pair (P, b P ) is a maximal eBrauer pair. For any subgroup T of P , denote by (T, e T ) the e-Brauer pair contained in (P, b P ). By [20, Theorem 2] , the correspondence (T, b T ) → (T, e T ) induces an isomorphism between the Brauer categories F (P, bP ) (G, b) and
) is a maximal d-Brauer pair and the e-Brauer pair (P 0 , e P0 ) is a maximal f -Brauer pair. For any subgroup T of P 0 , denote by (T, d T ) the d-Brauer pair contained in (P 0 , b P0 ) and by (T, f T ) the f -Brauer pair contained in (P 0 , e P0 ). By [14, Corollary 3.6] , the correspondence (T, d T ) → (T, f T ) induces an isomorphism between the Brauer categories F (P0, bP 0 ) (H, d) and F (P0, eP 0 ) (K, f ). So in order to prove that the block d is nilpotent, we may assume without loss of generality that G is equal to L.
Since G = L, the group C G (Q 0 )/C G (Q) is isomorphic to a subgroup of Aut(Q) consisting of automorphisms stabilizing all elements in Q 0 . By Lemma 2.1, the group C G (Q 0 )/C G (Q) is a 2-group. On the other hand, since P is a defect group of the block b, the quotient group 
Proof. In order to prove the proposition, by [20, Theorem 2] we may assume that G is equal to N G (Q, b Q ). Then b Q = b and Q 0 is normal in G. The quotient group P/P 0 is isomorphic to a 2-subgroup of S 3 . By Lemma 2.1, the index of P 0 in P is equal to 1 or 2.
We firstly prove the statement (a). Since the pair (P 0 , b P0 ) is a maximal b Q0 -Brauer pair, the block b P0 of C G (P 0 ) is nilpotent. Note that b P0 is also a block of P C G (P 0 ) and that (P, b P ) is a maximal b P0 -Brauer pair. By [10, Proposition 6.5] , the block b P0 of P C G (P 0 ) is nilpotent. So we have N G (P, b P ) ∩ P C G (P 0 ) = N P CG(P0) (P, b P ) = P C G (P ) and then the inclusion
Otherwise, N G (P, b P ) = P C G (P ). Since we are assuming in the statement (a) that the block b is controlled by N G (P ), the block b is nilpotent. That contradicts with the hyperfocal subgroup Q of the block b being nontrivial. Therefore the quotient group N G (P 0 , b P0 )/P C G (P 0 ) is nontrivial; moreover it has odd order since it is well known that the quotient group N G (P, b P )/P C G (P ) has order coprime to 2.
Now we assume that P = P 0 . Then Sylow 2-subgroups of N G (P 0 , b P0 )/P 0 C G (P 0 ) are nontrivial. Therefore N G (P 0 , b P0 )/P 0 C G (P 0 ) has to be isomorphic to S 3 . This shows that (P 0 , b P0 ) is essential in F (P, bP ) (G, b). But since we are assuming in the statement (a) that the block b is controlled by N G (P ), F (P, bP ) (G, b) has no essential object! That produces a contradiction. So we have P = P 0 and the statement (a) is proved. Now we prove the statement (b). In this case, F (P, bP ) (G, b) has essential objects. Let (S, b S ) be an essential object in F (P, bP ) (G, b). Then S contains Q since Q is normal in G. So the pair (S, b S ) is also a Brauer pair of the block b Q0 of P C G (Q 0 ). By Lemma 2.2, the block b Q0 of C G (Q 0 ) is nilpotent, and by [10, Proposition 6.5] the block b Q0 of P C G (Q 0 ) is nilpotent too. So we have N P CG(Q0) (S, b S ) = P C G (S), and then [19, §41] ). Then SP 0 = S. Since S = P and |P : P 0 | = 2, S has to be P 0 . In particular,
When the block b is controlled by N G (P ), by the proof of the statement (a) above, N G (P, b P )/P C G (P ) has order 3 and so does E/C G (P ).
We continue to use the notation in Proposition 2.3 (b) and assume that the block b is not controlled by N G (P ). We claim that N G (S, b S )/SC G (S) is isomorphic to S 3 . Indeed, by [20, Theorem 2] we may assume that G is equal to N G (Q, b Q ). In the last paragraph of the proof of Proposition 2.3 (b), we already prove that the intersection
is isomorphic to a subgroup of S 3 , the injective group homomorphism has to be an isomorphism. The claim is done.
So 
Proof. We firstly prove the statement (i). The block b Q of C G (Q) is nilpotent (see [13, Proposition 4.2] ), and b Q as a block of P C G (Q) is nilpotent too (see [10, Proposition 6.5] ). Since (P, b P ) is a maximal Brauer pair of the block
We identify E/C G (P ) as the image of the homomorphism. Since the block b is controlled by N G (P ), E/C G (P ) has order 3. By Lemma 2.1, E/C G (P ) acts freely on Q − {1}. Thus we have C Q (E) = 1 and Q = [Q, E]. Since [P, E] = Q, the E-conjugation induces a trivial action of E/C G (P ) on the quotient group P/Q. By a Glauberman Lemma, every coset of Q in P has an element fixed by E/C G (P ). This implies that P = QC P (E). So we have
The proof of the statement (ii) is similar to that of the statement (i).
Let R be a p-subgroup of P and K a subgroup of Aut(R). The [14, 2.6 and Proposition 3.5]).
Lemma 2.5. Keep the notation as above and assume that R is fully
Proof. [14, 2.14] ). By [14, Corollary 3.6 
such that z and y induce the same automorphism on T by conjugation; moreover, we may adjust the choice of y so that y is a
Lemma 2.6. Keep the notation in the paragraph above Lemma 2.5, and assume that the block b is controlled by
, where Br U denotes the Brauer homomorphism (OG) U → kC G (U ) and (OG) U is the subalgebra of all elements in OG commuting with U , Br U (b R )Br U (e) = Br U (e). This implies that (RU, e) is a b-Brauer pair and contains (R, b R ). There is some x ∈ G such that (RU, e)
, the lemma follows from Alperin's fusion theorem. Lemma 2.7. Assume that the block b is controlled by N G (P ). The following hold.
not nilpotent if and only if the quotient group
Since the block b is controlled by N G (P ), the correspondence (T, b T ) → T induces an isomorphism between the Brauer category F (P, bP ) (G, b) and the fusion system F of the group G ′ with respect to the Sylow p-subgroup P . The b-Brauer pair (R, b R ) is fully normalized in F (P, bP ) (G, b) (see the first paragraph of the proof of Lemma 2.6). By [14, Corollary 3.6] , the Brauer category F
The proof is done.
(ii) By a proof similar to the proof of the statement (i), we prove that the quotient group
is controlled by the normalizer of its defect group RC P (R) (see Lemma 2.6), C E (R) is not equal to C G (P ); otherwise, N RCG(R) RC P (R), b RCP (R) = C G RC P (R) and the block b R of RC G (R) is nilpotent. Since the quotient group E/C G (P ) has order 3, we have E = C E (R) and thus E centralizes R. Now the necessity of the statement (ii) is proved. The sufficiency of the statement (ii) is trivial.
Lemma 2.8. Assume that the quotient group
Then by [20, Theorem 2] , the block b is nilpotent.
Let R be a normal 2-subgroup of G such that |G : C G (R)| is a 2-power. SetḠ = G/R and letb be the image of b in OḠ. Thenb is a block ofḠ with defect groupP = P/R. Denote by K the converse image of CḠ(P ) in G. We have C G (P ) ≤ K ≤ N G (P ) and the index of C G (P ) in K is a 2-power. There is a unique blockb P of K covering b P . Denote bybP the image ofb P in OCḠ(P ). The pair (P ,bP ) is a maximalb-Brauer pair.
Lemma 2.9. Keep the notation and assumption in the paragraph above. Then Q ∩ R = 1 andQ = QR/R is the hyperfocal subgroup ofb with respect to the maximalb-Brauer pair (P ,bP ).
Proof. We firstly prove the intersection Q ∩ R = 1. Suppose that the block b is not controlled by N G (P ). By Proposition 2.3, there is a unique essential object (S, b S ) in F (P, bP ) (G, b). We fix a subgroup E S of N G (S, b S ) as in the paragraph above Lemma 2.4. Clearly N G (S, b S ) ⊂ N G (Q, b Q ) and by Lemma 2.4, the inclusion
In particular, E S acts freely on the set of nontrivial elements of Q. On the other hand, since G/C G (R) is a 2-group, E S has to be contained in C G (R). Therefore the intersection of Q and R is trivial. Suppose that the block b is controlled by N G (P ). Then we similarly prove the equality Q ∩ R = 1, replacing (S, b S ) by (P, b P ) and E S by E in the paragraph under the proof of Proposition 2.3. Summarizing the above, we now have the equality Q ∩ R = 1.
LetQ be the hyperfocal subgroup ofb with respect to the maximalb-Brauer pair (P ,bP ). Using the second paragraph and the third paragraph in the proof of [20, Lemma 8] , we prove thatQ is contained inQ. By Lemma 2.4, there always exists a subgroup T of P such that R ≤ T and
. Since the image of N G (T, b T ) inḠ is contained in NḠ(T ,bT ), we haveQ ⊂Q. ThereforeQ =Q.
Lower defect groups of the block b
Lower defect groups of blocks associated with p-sections and their multiplicities are defined in [7] in the paragraph above [ 
See the definition of (b T ) NG(T, bT ) in the first paragraph in [1, §14] . , R ≥ 1. However, since P = Z 2 n × Z 2 n , the block b R of C G (R) is nilpotent, it has only one simple module up to isomorphism, and thus m(b R , R) has to be 0. That causes a contradiction.
Proof.
We borrow the subgroup E of N G (P, b P ) in the paragraph under Proposition 2.3,and set R = C P (E). Proof.
. By the first paragraph of the proof of Lemma 2.6, (P ′ , b
and by the proof of Lemma 2.7 (i), the inclusion induces an isomorphism from E/C G (P ) to a 2-complement of
. On the other hand, by Lemma 2.6, the block b ′ is controlled by the normalizer N G ′ (P ′ ). Therefore the hyperfocal subgroup Q ′ of the block b ′ with respect to (P ′ , b ′ P ′ ) is not trivial. By Lemma 2.5, Q ′ is contained in Q and thus it is equal to Z 2 m × Z 2 l for integers m and l. We claim m = l. Otherwise, by Lemma 2.8, the block b ′ is nilpotent and thus Q ′ is equal to 1. That is against Q ′ being nontrivial.
′ is a block of G ′ and by Lemma 2.9, Q ′ R/R is a hyperfocal subgroup of the blockb ′ , which is equal to P ′ /R. By Lemmas 3.1 and 3.2, we have m(b
Lemma 3.4. Assume that the block b is not controlled by
Then we have m(b, 1) = 1.
Proof. The center Z(P ) is cyclic. Let X be the unique subgroup of Z(P ) of order 2. Clearly (P, b P ) is a maximal Brauer pair of the block b X of C G (X). Denote by Q X the hyperfocal subgroup of the block b X of C G (X) with respect to the maximal b X -Brauer pair (P, b P ). Obviously (Q X , b QX ) is a b X -Brauer pair. We claim that the quotient group N CG(X) (Q X , b QX )/C G (Q X ) is a 2-group. By Lemma 2.5, Q X is contained in Q, so Q X is isomorphic to Z 2 m × Z 2 l for some integers m and l such that 0 ≤ m, l ≤ 2. Suppose that m = l or m = l = 0. Then the claim is clear. Suppose that 1 ≤ m = l ≤ 2. Then Q X is Q or Q 0 . By Lemma 2.1, the quotient group N CG(X) (Q X , b QX )/C G (Q X ) has no 3-element since any 3-element of Aut(Q X ) acts transitively on the three nontrivial elements of Q 0 while any element in
is a 2-group too. The claim is done. Then by Lemma 2.8, the block b X is nilpotent. By [9, Lemma (5.A)], an elementary divisor of the Cartan matrix of the block b is either 1 or |P |. Clearly P is generated by elements x, y, z with the relations: |x| = |y| = 4, |z| = 2, xy = yx, zxz = y and Q is generated by x, y. Let Y be the subgroup of P generated by elements xy, x 2 , z. Set Q 1 = xy, x 2 , Q 2 = xy, x 2 z and Q 3 = xy, z . Since the block b is controlled by
Since the block b is not controlled by N G (P ), the order of N G (Q, b Q )/C G (Q) has to be 6. By [9, Proposition 14 .E], we have l(b) = 2. Now by the equality (3.1), we have m(b, 1) = 1.
Assume that the block b is not controlled by N G (P ). By Proposition 2.3, there exists a unique essential object (S, b S ) in F (G, b) (P, b P ); moreover, borrowing the subgroup E S of N G (S, b S ) in the paragraph above Lemma 2.4, we have S = Q ⋊ C S (E S ). Set T = C S (E S ).
Lemma 3.5. Keep the notation and the assumption as above. Assume that |Q| is less than 16. Then we have
, we may adjust the choice of E S by the N G (S, b S )-conjugation, so that N P (T ) is a defect group of the block b ′ . Then the pair
. Denote by Q ′ the hyperfocal subgroup of the block b ′ with respect to the maximal b ′ -Brauer pair (P ′ , b
The subgroup E S acts transitively on Q 0 − {1}, E S ∩ C G (Q 0 ) = C G (S), and the G-conjugation induces an isomorphism from E S C G (Q 0 )/C G (Q 0 ) to the Sylow 3-subgroup of Aut(Q 0 ) (see the second paragraph above Lemma 2.4). By Proposition 2.3, we have S = C P (Q 0 ). Thus Q 0 is contained in P ′ . Clearly, we have
Otherwise, by Lemma 2.8, the block b ′ is nilpotent and thus Q ′ has to be 1. This contradicts with the inclusion
and E S /C G (S) is a 2-complement of A/C G (S). Clearly P is contained in N G (A) and for any u ∈ P − S,
. This implies that uv −1 ∈ P ′ and that P ′ is not contained in S. Since
is a subgroup of P ′ centralizing Q 0 and since Q 0 is not contained in Z(P ′ ), N S (T ) is a proper subgroup of P ′ . Since |P : S| = 2, |P ′ : N S (T )| is less than 2 and thus N S (T ) is forced to be equal to S ′ . By Lemma 2.4, we have
has to be of order 1 or
has to be of order 3 and the inclusion
T ). By Lemma 2.4, Q
′ has to be equal to C Q (T ). Since the block b is controlled by N G (S), we have Proof. Since the simple OGb-module M has vertex Q, by [19, Corollary 41.7] there is a selfcentralizing b-Brauer pair (Q, e). Assume that the block b is controlled by N G (P ) and Q is contained in Z(P ). Then P is contained in C G (Q) and there is a maximal b-Brauer pair (P, g) such that (Q, e) is contained in (P, g). By [19, Proposition 41 .3], we have P = C P (Q) = Q. If the block b is not controlled by N G (P ) and Q is contained in Z(S), similarly we have S = Q.
Proposition 3.7. Assume that Q is strictly contained in P . Furthermore, assume that Q is contained in Z(P ) if the block b is controlled by N G (P ), and that Q is contained in Z(S) if the block b is not controlled by N G (P ). 2 and then m(b, 1) vanishes, or Q is equal to S. 7] , Q has to be a vertex of the simple OGb-module. Since Q is strictly contained in P , by Lemma 3.6, Q has to be S.
Then either any Cartan integer of b is divisible by

Proof. Assume that no simple
OGb-module is relatively projective to Q. By the proof of [20, Theorem 4], any Cartan integer of b is divisible by 2 and m(b, 1) vanishes. Assume that OGb has a simple module relatively projective to Q. By [19, Corollary 41.
Proof of Theorem 1.1
In this section, we borrow the subgroups E and E S in the paragraphs above Lemma 2.4.
Lemma 4.1. Assume that the block b is controlled by N G (P ) and Q is contained in Z(P ). We have l(b) = 3.
Proof. We prove this by induction on |G|. The lemma is known by [5] and [6] when P = Q. So we assume that Q is strictly contained in P . Let R be a proper subgroup of P such that
. By Lemma 2.6 and its proof, the pair (R, dR) = (R, bR) is a maximal d-Brauer pair and the block d is controlled by N N (R, dR) . Since m(d, R) = 0 and R < P , the block d is not nilpotent. So the hyperfocal subgroup Q d of the block d with respect to (R, dR) is not trivial. By Lemma 2.5, Q d is contained in Q; moreover, Q d has to be isomorphic to Z 2 m × Z 2 m for some 1 ≤ m ≤ n. Otherwise, by Lemma 2.8 the block d is nilpotent which causes a contradiction.
Assume that N < G. By induction we have l(d) = 3. By Lemma 2.7, the quotient group N G (P, b P )/C G (P ) has a suitable 2-complement E/C G (P ) such that N E (R)/C G (P ) is isomorphic to a 2-complement of the quotient group N N (R, dR)/C N (R). By Lemma 3.3 and the equality (3.2), a proper subgroup T ofR such that m(d, T ) = 0 has to be conjugate to CR N E (R) . So R is equal to CR(N E (R)). Clearly both the quotient groups N E (R)/C G (P ) and E/C G (P ) have order 3 and E is equal to N E (R). Now we have R =R ∩ C P (E) = N CP (E) (R). That forces R = C P (E).
Assume that N = G and then b = d. Since the block b is controlled by N G (P, b P ), we have
Assume that the block b R is nilpotent. Then the block (b R ) P CG(R) is also nilpotent, N G (P, b P ) ∩ P C G (R) = P C G (P ), and the quotient group G/P C G (R) is a 3-group. By the main theorem of [21] , the block b is inertial (see [21] ). In particular we have l(b) = 3. Then by Lemma 3.3 and the equality (3.2), R has to be equal to C P (E) for a suitable 2-complement E/C G (P ) of the quotient group N G (P, b P )/C G (P ).
Assume that the block b R is not nilpotent. By Lemma 2.7, R ≤ C P (E) for some 2-complement E/C G (P ) of the quotient group N G (P, b P )/C G (P ). So G is equal P C G (R). SetḠ = G/R. Letb be the image of b under the surjective homomorphism OG → OḠ. Thenb is a block ofḠ,P = P/R is a defect group of the blockb and (QR)/R ∼ = Q is a hyperfocal subgroup ofb (see Lemma 2.9). By Lemma 3.1, we have m(b, 1) = m(b, R) = 0. Since Q is contained in Z(P ), by Proposition 2.3 (a) the blockb is controlled by NḠ(P ). By Proposition 3.7 applied toḠ andb, (QR)/R has to be equal to P/R. Now by Lemma 2.4, we have R = C P (E).
In conclusion, we always have R = C P (E) for a suitable 2-complement E/C G (P ) of the quotient group N G (P, b P )/C G (P ). Now the lemma follows from Lemma 3.3 and the equality (3.2).
Lemma 4.2. Assume that the block b is not controlled by
By Lemma 2.5, the hyperfocal subgroup Q d of the block d with respect to the maximal d-Brauer We claim that there is a suitable E S such that
the block d must be nilpotent and m(d, T ) = 0. That contradicts with the inequality m(d, T ) = 0. Therefore, the quotient group K/C G (S) is not a 2-group.
Take an element y of K such that the coset yC G (S) in K/C G (S) has order 3. By the third paragraph above Lemma 2.4, we have y ∈ E S for some E S . Notice that S = Q ⋊ C S (E S ). Suppose that there exists t = ut ′ ∈ T for some u ∈ Q − {1} and some
is not equal to 1 and it is contained in T ∩ Q. That contradicts with the equality T ∩ Q = 1. Hence T ≤ C S (E S ). SinceT = Q d × T andT ≤ S, we have N CS (ES) (T ) = N CS (ES) (T ) ∩T = T and then T = C S (E S ). The claim is done.
Using the third paragraph of the proof of Lemma 3.5, we can proveT is not contained in S. That contradicts with the inclusionT ⊂ S. Proof. We prove the lemma by induction on |G|. Let T be a set of representatives for the N G (S, b S )-conjugacy classes of subgroups of P . By Proposition 2.3, {(T, b T ) | T ∈ T } is a set of representatives for the G-conjugacy classes of b-Brauer pairs. For any T ∈ T , we further assume that (T, b T ) is fully normalized in the Brauer category Assume that N = G. Then T is contained in S. More precisely, T is contained in C S (E S ). Otherwise, 1 = [T, E S ] ≤ T ∩ Q. Let Q bT be a hyperfocal subgroup of (b T )
T CG(T ) contained in Q. Assume that Q bT = 1. Then the Sylow 3-subgroup of N T CG(T ) (Q bT )/C T CG(T ) (Q bT ) is nontrivial. On the other hand, since T ∩ Q = 1, we have 1 = T ∩ Q 0 ⊂ Q bT . Clearly T ∩ Q 0 is in the center of T C G (T ). That forces the Sylow 3-subgroup of
T CG(T ) , T (see [12, Theorem 5.12] ), C P (T ) has to be contained in T . Then
Denote by H the normal subgroup of G such that H contains SC G (T ) and |H : SC G (T )| = 3. Since the block (b T ) SCG(T ) is nilpotent, l (b T ) H = 3 by the structure of extensions of nilpotent blocks (see [10] ). So we have l(b) = 2 or 3. If l(b) = 2, by Lemma 3.5 we have T = C S (E S ). This is a contradiction. Suppose that l(b) = 3. Denote by C and C H the Cartan matrices of the blocks b and (b T ) H respectively. Then it is easy to check that C = 2C H . This implies that m(b, 1) = 0. By the equality (3.2) and Lemma 3.5, we still have T = C S (E S ). This causes a contradiction. Now we have T ≤ C S (E S ) and G = P C G (T ). Letb be the unique block ofḠ = G/T corresponding to b. ThenP = P/T is a defect group ofb andQ = QT /T ∼ = Q is a hyperfocal subgroup ofb. At the same time, by Lemma 3.1, we have m(b, 1) = m(b, T ) = 0. Since Q is strictly contained in P , by Proposition 3.7 we have |P : QT | = |P :Q| = 2. So QT = S and T = C S (E S ).
In conclusion, we always obtain that T = C S (E S ) for a suitable E S . Now the lemma follows from Lemma 3.5 and the equality (3.2).
Lemma 4.4. Assume that the block b is controlled by N G (P ) and that Q is contained in the center of P . We have
Proof. For any u ∈ P , set d = b u , P u = C P (u) and C = C G (u), and let e u be the inertial index of the block d. By Lemma 2.6 (P u , d Pu ) = (P u , b Pu ) is a maximal d-Brauer pair and the block b u is controlled by N C (P u , d Pu ). Proof. Since the block b is not controlled by N G (P ), F (P, bP ) (G, b) has only one essential object (S, b S ) and it is equal to F (P, bP ) N G (S, b S ), b S . For any u ∈ P , set C = C G (u) and denote by f the block of C such that the pair ( u , f ) is the b-Brauer pair contained in (P, b P 
By Lemma
is the unique b ′ -Brauer pair contained in (P, b P ). For any R ≤ P , set R u = C R (u). We assume that the pair ( u , f ) is fully normalized in We are going to prove l(f ) = l(f ′ ). By Lemma 2.5, the hyperfocal subgroup Q f of the block f with respect to the maximal f -Brauer pair (P u , b Pu ) is contained in Q. Assume that Q f is of the form Z 2 i × Z 2 j with i = j. Then the block f is nilpotent and Q f is equal to 1. That contradicts with Q f bigger than 1. Therefore Q f is of the form Z 2 i × Z 2 i . Assume that i = 0. Then Q f is equal to 1, the block f is nilpotent and l(f ) = 1. Since the Brauer categories F (Pu, bP u ) (C, f ) and F (Pu, b ′ Pu ) (C ′ , f ′ ) are equivalent, the block f ′ is nilpotent and l(f ′ ) = 1 = l(f ). Therefore in the sequel, we may assume that i > 0.
Assume that P u ≤ S. Since P u is contained in S, by Proposition 2.3 the block f is controlled by N C (P u ). By Lemma 4.1, l(f ) is equal to 3. Since the Brauer categories F (Pu, bP u ) (C, f ) and F (Pu, b ′ Pu ) (C ′ , f ′ ) are equivalent, the block f ′ is controlled by N C ′ (P u ) and l(f ′ ) is equal to 3 too. Therefore we have l(f ) = l(f ′ ). Now assume that P u is not contained in S. By Proposition 2.3, the block f is not controlled by N C (P u ) and l(f ) is equal to 2. Since the Brauer categories F (Pu, bP u ) (C, f ) and F (Pu, b ′ Pu ) (C ′ , f ′ ) are equivalent, the block f As an application of Theorem 1.1, we show that Alperin Weight Conjecture (see [2] ) holds in our setting. The following consequence is more or less well-known. 
. Let U be the unique simple kLb Qmodule. Then X has to be a vertex of U and U is the unique direct summand of W L . But the module W has T as the vertex. So T has to contain the vertex of U . Hence X = T . It is a contradiction. Proof. In case (i), the corollary follows from Lemma 4.6 and Theorem 1.1. Now we assume case (ii). Notice in this case we have N G (P, b P ) = P C G (P ) (see the proof of Proposition 2.3). By Lemma 4.6 and Theorem 1.1, it suffices to show that there is only one simple kN G (S, b S )-module in the block (b S ) NG(S, bS ) with vertex S, up to isomorphism. By Lemma 4.3, l (b S ) NG(S, bS ) = 2. Notice that N G (S, b S )/SC G (S) ∼ = S 3 . Let A be the subgroup of N G (S, b S ) such that SC G (S) ≤ A and A/SC G (S) ∼ = Z 3 . Since the block b S of SC G (S) is nilpotent, the block b S of A has 3 simple modules, up to isomorphism, which have the same vertex S. Since A ✂ N G (S, b S ) and |N G (S, b S ) : A| = 2, by Clifford's Theorem, there exists a simple kA-module V such that V NG(S, bS ) is the unique simple kN G (S, b S )-module belonging to the block (b S ) NG(S, bS ) with vertex S, up to isomorphism. We are done.
